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ABSTRACT

In this paper, we define the binomial transform of the generalized Guglielmo se-
quence and as special cases, the binomial transform of the triangular, Lucas-
triangular, oblong, and pentagonal sequences will be introduced. We investigate
their properties in detail. We present Binet’s formulas, generating functions, Sim-
son formulas, and the summation formulas for these binomial transforms. Moreover,
we give some identities such as Catalan’s identity, Cassani’s identity, and matrices
related to these binomial transforms.
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Introduction

In this paper, we introduce the binomial transform of the generalized Guglielmo
sequence and we investigate, in detail, four special cases named the binomial transform
of the triangular, Lucas-triangular, oblong and pentagonal sequences. We investigate
their properties in the next sections. In this section, we present some properties of the
generalized Guglielmo sequence that studied by Soykan [0.2].

A generalized Guglielmo sequence {Wp,}n>0 = {W,(Wo, Wi, Wa)} >0 is given by
the third-order recurrence relations.

Wy = 3Wp_1 — 3Wh_o 4+ Wy_s (0.1)

with the initial values Wy = ¢o, W1 = ¢1, W = ¢ not all being zero.
The sequence {W,, }n>0 can be extended to negative subscripts by defining

W_p =3W_(n_1) = 3W_(n2) + W_(,_3)

for n =1,2,3,.... Therefore, recurrence (0.1) holds for all integer n.
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Now we present four special cases of the sequence {W,}. Triangular sequence
{T}, }n>0,triangular-Lucas sequence {Hy }»>0, oblong sequence {O), }»>0 and pentago-
nal sequence {p, }»>0 are defined, respectively, by the third-order recurrence relations

T, = 3T, 1 —3Ty o+Tps To=0 Ti=1, Ty =3, (0.2)
H, = 3Hy 1 —3Hn o+ Hn s, Hy=3, Hi =3, Hy—3, (0.3)
O, = 30, 1—30y 240, 3 Op=0, O3 =2 Oy=S6, (0.4)
Pn 3pn—1—3pn—2+pPn-3, po=0, pr =1, pp =5. (0.5)

The sequences {1}, }n>0, {Hn}n>0, {On}n>0 and {p,}n>0 can be extended to neg-

ative subscripts by defining

T,
H_,
O_n
P-n

for n = 1,2, 3, ... respectively.

3T (n-1) = 3T_(n-2) + T-(n-3);
BH_(n—1) = 3H_(n-2) + H_(n-3),
30_(n-1) = 30_(n-2) + O_(n-3),
3P—(n-1) = 3P—(n—2) + P—(n—3);

Therefore, recurrences (0.2)-(0.5) hold for all integer n.

Now, we give some properties related to generalized Guglielmo numbers that we need

for the rest of the study.

e The Binet formula of generalized Guglielmo numbers. Binet formula of general-
ized Guglielmo numbers can be given as

Wy, = Ay + Agn + Azn? (0.6)
where
A = W,
Ay = %(—W2 AW, — 3W),
Ay = %(W2 oW+ W),
i.e.,
W, = Wo + %(—W2 + 4W, — 3Wo)n + %(W2 — 2W7 + Wo)n?. (0.7)

e For all integers n, triangular, triangular-Lucas, oblong and pentagonal numbers
(using initial conditions in (0.7)) can be expressed using Binet’s formulas as

n(n+1)
T = ——F—,
2
H, = 3,
Oy, n(n+1),
pn = —n(3n-—1),

respectively.
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o0
e Suppose that fi, () = > W,a™ is the ordinary generating function of the
n=0

(o]
generalized Guglielmo sequence {W;,},,>0. Then, > W,z" is given by

n=0

> Wo + (W — 3W, Woy — 3W5 + 3Wy)z2
Z W gn = o + (W o)z + (W 1+ 3Wh)x . (0.8)
n=0

1—3z+ 322 —23

e Here, the characteristic equation of the Generalized Guglielmo sequence
23 -3z +32z—-1=0.

e (Simpson’s formula for generalized Guglielmo numbers)For all integers n, we
have

Wn+2 WnJrl Wn
Wit Wn Wiy | =—(Wa —2Wy + Wp)®.
Wn anl Wn72

For more detail, see [0.2].
Binomial Transform of the Generalized Guglielmo Se-
quence

In [0.2, p. 137], Knuth defined the idea of the binomial transform. Given a sequence
of numbers (ay,), its binomial transform (a,,) defined as follows

n

n
Qy, = Z <7z> a;, with inversion a,, = Z <7Z> (—1)"a,

i=0 i=0

or, in the symmetric version

- n
A n ) o . n .
an = Z <1> (=1)""a;, with inversion a, = E <z> (—1)+a;.

=0 =0

For more information on binomial transform, see, [0.2,0.2,0.2,0.2].

In this section, we define the binomial transform of the generalized Guglielmo
sequence W, and as special cases the binomial transform of the triangular, Lucas-
triangular, oblong and pentagonal sequences.

Definition 0.1. The binomial transform of the generalized Guglielmo sequence W, is
defined by

by = W, = Z <7>Wz

n
=0



4 International Journal of Mathematics, Statistics and Operations Research

The some terms of b, may be given as
bo:§X%m=%,
i
by = Z <1>Wz = Wo + W,
izo \'

2

2

by = Z <Z>Wz = Wy + 2W1 + Wha.
i=0

If we translate the b, to matrix form that includes lower-triangular matrix, we get

bo 100 00 Wo
b1 11000 Wi
bo 12100 Wy
bs | =1 1 3 3 1 0 W3
by 1 46 4 1 Wy
As special cases of b, = An, the binomial transforms of the triangular, Lucas-

triangular, oblong and pentagonal sequences are defined as follows: The binomial
transform of the triangular sequence T,, is

n
~ n
n=2@ﬁb
=0
the binomial transform of the Lucas-triangular sequence H,, is
" /n
=y (1)
=0
the binomial transform of the oblong sequence O,, is
" /n
%zzQy%
=0
the binomial transform of the pentagonal sequence p,, is
" /n
=3 (1)
i=0

Lemma 0.1.1. For n > 0, the binomial transform of the generalized Guglielmo se-
quence W, satisfies the following relation:

n

buri = (ZL) (Wi + Wi1).

=0
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Proof. We use the following well-known identity:

(7)=0)+ ()
()= (@)=t ()=

Note also that

Then
o Wﬁg (”#)W
_ WH"Zl (n) :fj(fl)w
— Wo+ i <n> é (Z‘) Wit
= 2 ()mex (we
S (1) v+ i)
=0

This completes the proof. [J

Remark 0.2. From the last Lemma, we see that

brt1 = by +Z( > i+1-

The following theorem gives recurrent relations of the binomial transform of the
generalized Tribonacci sequence.

Theorem 0.3. For n > 0, the binomial transform of the generalized Guglielmo se-
quence Wy, satisfies the following recurrence relation:

bn+3 - 6bn+2 - 12bn+1 + 8bn (09)
Proof. To show (0.9), writing

bpts =11 X byyo + 12 X byy1 +73 X by
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and taking the values n = 0, 1,2 and then solving the system of equations

bs =
by =
bs =

Hence, we find that r3 = 6,r3 =

r1 X by + 19 X by + r3 X by,
1 Xb3—|—’l“2><b2+7"3><b1,
r1 X by + 19 X bg + 13 X be.

—12,73 =8.0

The sequence {by, }»>0 can be extended to negative subscripts by defining

3
by = “bpir —
9 +1

forn=1,2,3,....

1
Zb—n+2 + gb—n-‘rf}

Therefore, recurrence (0.9) holds for all integer n.

Note that the recurrence relation (0.9) is independent from initial values. So,

~

Tn+3

Hyys

~

On+3
Pn+3

6142 — 12T 1 + 8T,

= G6Hpso — 12H,41 + 8H,,

6012 — 120,41 + 80,

= 6]/7\n+2 - 12ﬁn+1 =+ 8}/7\71-

The first few terms of the binomial transform of the generalized Guglielmo sequence
with positive subscript and negative subscript are given in the following Table 1.
Table 1. A few terms of binomial transform of the generalized Guglielmo sequence.

n bn b—n

0 Wo

1 Wo + Wi 7W0—§W1+1W2

2 Wo + 2W7 + W sWo — W1 + 6W2

3 2Wo + 6Wo IQW()—*ng—i- 19

4 8Wo — 16W7 + 24W5 éWo - ]56W1 + =

5 32Wy — 80W1 + 80Ws @ 5(?I/Vl + 1%§

6 112W4 — 288W71 + 240Wy QQ—W ]3258W +3 6W2
7 3521, — 896W, + 6721V, 251V WO W+ " W2
8 1024Wy — 2560W7 4 1792Ws é?g %Wl + 23@

9 2816Wy — 6912W7 + 4608 W, Wo — 6]§W1 + 5048 458

10 7AW, —1T9AW +11520Ws g Wo — iV + g W,
11 18944Wy — 45 056W7 + 28 160W 28%8 W() — 4286 W1 + 4g86 W2
12 AT104Wy — 110592, +67584Ws 25, Wo — s W' + 55 1V

13 114 688Wy — 266 240W1 + 159 744Wo 35768 WO ~ 2048 Wi+ 32768 W2

The first few terms of the binomial transform numbers of triangulas, Lucas-
triangular, oblong and pentegonal sequences with positive subscript and negative sub-
script are given in the following Table 2

Table 2. A few terms of four special cases of binomial transform of generalized
Guglielmo numbers.
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n 0 1 2 3 4 5 6 7 8 9 10 11
T, 0 1 5 18 56 160 432 1120 2816 6912 16640 39424
T 1 1 ¢ 1 5 9 T 5 2 3% 1
n 8 16 32 128 256 256 256 2048 4096 2048
H, 3 6 12 24 48 96 192 384 768 1536 3072 6144
i 3 3 3 3 3 3 3 3 3 3 3
n 2 4 8 16 32 64 128 256 512 1024 2048
O, 0 2 10 36 112 320 864 2240 5632 13824 33280 78848
9 1 .1 ¢ L 5 9 7 5 2 3 1
n 4 8 16 64 128 128 128 1024 2048 1024
Po O 1 7 30 104 320 912 2464 6400 16128 39680 95744
P 15 3 11 3% 51 3 28 U7 15 1L

Now, we define the Binet’s formula of the binomal transform of the generalized

Guglielmo sequence.

Theorem 0.4. For any integer n the Binet’s formula of the binomial transform of
the generalized Guglielmo sequence is given as

—~ 1
b = W = (A1 + Az + Agn(”:))z” (0.10)
where

Al = WOv
1

A2 = 5(—W2 +4W; — 3W0),
1

Az = §(W2 —2W4 + Wo).

Proof. For the proof, we use the following identities.

Using (0.6), we can write the b, as

> (0)

b, =

2" 2n(n +1).

=0

= n . )
= Z ; (A1+A27J+A37J )

=0

- A

7=

(3
0

Zn: (Zl)z + Agzn: (7;)@2

=0 1=0
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Consequently, the proof can be done. [J

For all integers n, using Theorem 0.4, Binet’s formulas of binomial transforms of the
triangular, Lucas-triangular, oblong and pentagonal numbers are given in the following
corollary, respectively.

Corollary 0.5. The Binet’s formula of binomial transforms of the triangular, Lucas-
triangular, oblong, and pentagonal numbers are given as follows.

(a) T, =n(n+3)x 273,

(b) H, =3 x2".

(c) Op=n(n+3)x2"2

(d) pp=nBn+1) x 2773

Obtaining Binet Formula of Binomial Transform of Gen-
eralized Guglielmo Sequence From Generating Function

The generating function of the binomial transform of the generalized Guglielmo
sequence W, is a power series centered at the origin whose coefficients are the binomial
transform of the generalized Guglielmo sequence.

o0
Next, we give the ordinary generating function f; (x) = > b,a™ of the sequence

n=0
by,

(o]
Theorem 0.6. Suppose that f,, () = > bya™ is the ordinary generating function of
n=0
the binomial transform of the generalized Guglielmo sequence {Wy,}n>0. Then, fp ()
s given by

. bo + (bl - ﬁbo)x + (bz — 6b1 + 12b0)$2

T () 1— 62 + 1222 — 8%

(0.11)

Proof. Using the definition of the binomial transform of the generalized Guglielmo
sequence, we obtain

(1 —6x+ 1222 — 8x3)fbn (z) = i bpx™ — 6x i bz + 1222 i bz — 823 i bx™
n=0 n=0 n=0 n=0
= i b,x" — 6 i bzt + 12 i b,z T2 — 8 i bz 3
n=0 n=0 n=0 n=0

o0 o0 o0 o0
= Z bpx™ — 6 Z bp—12™ + 12 Z bp—ox™ — 8 Z bp—3x™
n=0 n=1 n=2 n=3

= by + bix! + bea® — 6boxt — 6b12% + 12bp2?

= + Y (bn — 6by1 + 12b, 3 — 8by_3)a"

n=3

= by + (b1 — 6bg)x + (by — 6by + 12bg)x>.

Then rearranging the above equation, we get (0.11). OJ
If we take,
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bp = Wy,
b1 Wo + Wh,
by = Wy+2W; + Wa.

(0.11) is written as

. Wo + (Wl — 5W0){L‘ + (7Wo —4W7 + W2)1'2
B 1— 6z + 1222 — 823

o, (2)

Proposition 1. P. Barry shows in [0.2] that if A(x) is the generating function of the
sequence {an}, then

is the generating function of the sequence {b,} with b, = >_ (") a;.

)
1=0

Note that, in our case, using Proposition 1 and (0.8), we get

1 Wo+ (Wi —3Wo) (%) + (Wa — 3W1 + 3Wo)(7%:)?
=2 T35 + 357 - ()

Wy + (W1 — 5W0)$ + (7W0 —4Wi + W2)$2
1—6x + 1222 — 83 ’

S(z) =

From Theorem 0.6, we get the following corollary.

Corollary 0.7. Generating functions of the binomial transform of the triangular,
Lucas-triangular, oblong and pentagonal numbers are

> ~ [L‘—LEQ
T,a" =

nzzo nt 1— 6z + 1222 — 823
iﬁ " 3 — 12z + 1222

X =
~ " 1 — 6z + 1222 — 8z3’
ia n 2.%'—2%'2

X = s
v " 1 —6x 4+ 1222 — 823
iAxn B z + 2?
2Pt T T 6t 1242 — 808

respectively.

We next find Binet’s formula of the Binomial transform of the generalized Guglielmo
numbers {W,,} by the use of generating function for b,.
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Proposition 2. (Examples of generating functions for simple sequence [0.2])The fol-
lowing equality is true

ian n+k o 1
v k (1= )kl

Next, we obtain the Binet’s formula, given in Theorem 0.4, by the generating func-
tion of the binomial transform of the generalized Guglielmo sequence.

Theorem 0.8. Binet’s formula of the Binomial transform of the generalized
Guglielmo numbers are

1
by = by = (A + Az + Agn(”j))zn (0.12)
where
Al = W07
1
Ay = 5(—W2 + 4W; — 3Wy),
1
Az = §(W2 —2W1 + Wp).
Proof. Using (0.11), we get the following identity
i b — bo + (bl — 6()0):6 + (62 — 6b; + 12()0):62
= 1 — 6z + 1222 — 823
. d1 dQ d3
T G- Tacwe T a2
Then, we get
bo = —dp—d3z—dy,
bl — 650 = 4d1 + 2d2>
by — 6b1 + 12by = —4d;.

Hence, solving the above system of equations and using Proposition 2, we get

ib " = % (120 — Gby + b2) 4 _% (6bo — 5b1 + b2) n % (4bo — 4b1 + b2)
n=0 ! N (1—22) (1 —2x)2 (1—22)3
= Z(Z (12bg — 6b1 + bg) 2™ — 5(660—551 +by) (n+1)2" +

n=0

1
= g (4o — by +by) (n? 4 3n +2)2™)2™.
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Thus, we get

1

1 1
b = (5 (1260 — 6by + b2) 2" =5 (6by — 5b1 + ba) (n+1)2"+2 (4by — db1 + bo) (n*4-3n+2)2").

_5 (
Consequently, If we take by = Wy, by = Wy + Wy and by = Wy + 2W1 + Wo we get
the following identity

1
by, = (A1 + AQ% + A3M

2’7l
i)

where Ay, Ay and Az are stated in the theorem. [J
Simson’s Formulas

It’s well known that many authors studied the Simpson Formulas for different se-
quences. Similarly, in this section, we introduce the Simson formula for binomial trans-
forms of generalized Guglielmo numbers.

Theorem 0.9. For all integers n, Simson formula of binomial transforms of gener-
alized Guglielmo numbers are given as

bny2 bny1 by bo b1 by
busi  bn but | =8"| b by bop | (0.13)
by bn-1 b2 bo b_1 b2

Proof. For the proof, we use the mathematical induction on n. First, we assume
that n > 0. If we take n = 0, it’s easily seen that (0.13) is hold. Let (0.13) is true for
n = k so we can write the following identity.

biya brpi1 by by b1 by
biyr bk be—1 | =8F| b1 by by
by  br—1 br_2 bp b1 b_o

Then, we will show that (0.13) is true for n = k + 1.

br+3 bry2 brit 6byo — 12011 + 8bk  brio bria
bri2 bri1 b = | 6bgy1 — 12b + 8bk—1 br+1  bg
bpr1 bk b1 6by, — 12bg_1 + 8bg_o by br_1

be+2 bry2 bkt br+1 bri2 brya

= 6| bgy1 brp1 bp | —12| b bpp1 i

by, by br—1 bp—1 b bp—

b bry2 brya
+8| bp—1 bpt1 b
bp—2 b bp—

by by bo
= 8l by by
bo b_1 b_o
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Note that, for the case n < 0 the proof can be done similarly. Thus, the proof is

completed. (I
The previous theorem gives the following corollary.

Corollary 0.10. For all integers n, the following identities are true.

fn+2 Agﬂ AAn

(@) | Tny1 T Tpoy | =-—2°75
Hyro Hpy1 Hp

(b) | Hppr  Hy Hpy |=0.
Qn+2 Oﬁ-{-l AOn

(C) On+1 On On_1 = _23n—3‘
On Op-1 On_s
ﬁn+2 ﬁn-&-l ﬁn

(d) ﬁr:&—l Aﬁn E”_l = —27 x 2376,
Pn Pn—-1 Pn-2

Some Identites
We now present a few special identities for the binomial transforms of generalized

Guglielmo numbers. The following Theorem presents the Catalan’s identity for the
binomial transforms of generalized Guglielmo numbers.

Theorem 0.11. (Catalan’s identity) For all integers n and m, the following identity
holds.

brtmbn—m—b2 = =224 m2(—m? A3 422 A3 +An Ay A3+ 2nAS+4AS+4 A3 A3+ A28 A A3).

Proof. The proof has been seen easily using (0.10).

As special cases of the above theorem, we give Catalan’s identity of the binomial
transforms of generalized Guglielmo numbers. Firstly, we present Catalan’s identity of
the binomial transforms of triangular numbers.

Corollary 0.12. (Catalan’s identity of the binomial transforms of triangular num-
bers) For all integers n and m, the following identity holds.

~ ~

TpmTp—m — T2 = 227752 (—6n +m? — 2n> —9).

Proof. Taking b,, = fn in Theorem 0.11 we get the required result. [J
Next, we present the Catalan’s identity for the binomial transforms of generalized

Lucas-triangular numbers.

Corollary 0.13. (Catalan’s identity for the binomial transforms of Lucas-triangular
numbers) For all integers n and m, the following identity holds.

~ ~

HypymHy oy — H? = 0.

Proof. Taking b,, = ﬁn in Theorem 0.11 we get the required result. [J
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Next, we present the Catalan’s identity for the binomial transforms of generalized
oblong numbers.

Corollary 0.14. (Catalan’s identity for the binomial transforms of oblong numbers)
For all integers n and m, the following identity holds.

~ ~

OnimOn—m — 62 = 2242 (—6n +m? —2n? — 9) .

Proof. Taking b, = én in Theorem 0.11 we get the required result. [
Next, we present the Catalan’s identity for the binomial transforms of generalized
pentagonal numbers.

Corollary 0.15. (Catalan’s identity for the binomial transforms of pentagonal num-
bers) For all integers n and m, the following identity holds.

PrtmDn-m — Do = 22" Om? (—=6n + 9Im* — 18n* — 1)

Proof. Taking b,, = p,, in Theorem 0.11 we get the required result. (J

Note that for m = 1 in Catalan’s identity, we get Cassini’s identity for the binomial
transforms of generalized Guglielmo number. Hence, we present the corollary given
below.

Corollary 0.16. Cassini’s identity for the binomial transforms of the triangular,
Lucas-triangular, oblong and pentagonal numbers, respectively, are given below.

(a) fn_lfm_l T2 = 9216 (2n2 + 6n + 8) .
(b) HyymHnm — Hy; = 0.

(c) Op_10p41 — O*n = —22n—4 (2n2 + 6n + 8) .
(d) ﬁn—l]/)\n—i-l — ]/)\QTL = —22n—6 (18712 + 6n — 8) .

Sum Formulas

In this section, in the first instance, we give some properties that we need rest of
this section and then we present some sum formulas related to binomial transform of
generalized Guglielmo numbers.

0.1. Sums of Terms with Positive Subscripts

The following proposition can be obtained easily.

Proposition 3. The following identities are true.
n
(a) Y k2F =2l (n—1)+2.
k=0
n
(b) > k228 =271 (n? —2n 4 3) —6.
k=0
n
(c) > —k27F=2"np 427 2,
k=0

(d) S k2F=6-2"(n>+4n+6).
k=0
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Theorem 0.17. For n > 0, the following sum formulas are holds where A1, As and
Ag stated in the Theorem 0.8.

(a) Z b = Ay — A1 — A3z + %2n+1 (4141 — 249 + 2A3 + 2nAg — nAs + n2A3) .
k=0
n
(b) X bop = —5-(9A41—1245+14A3)+ ;222 (1841 — 645 + TA3 + 18nAy — 3nAz + 18n*Aj)
k=0

(€) Y bogt1 = —5 (1841 — 1545 + 13A43)+5-2%"2 (1841 + 3A3 + 10A3 + 18nAs + 15nA43 + 18n2As)
k=0

Proof. Using (0.10) and Proposition 3, the proof can be done easily.
From the Theorem 0.17, we have the following corollary for binomial transform of
triangular numbers.

Corollary 0.18. Forn > 0, the following sum formulas hold.
n A~
(a) S Tp=2"2n(n+1).
k=0
n A~
(b) kZ_DO T = 5= (18 x 22702 4+ 220 4+ 15 x 22 — 1) .
n A~
(c) kz_:o Togt1 = 717 (36 X 22712 1926 x 22" 1 66 x 22"n + 1) ‘

From the Theorem 0.17, we have the following corollary for binomial transform of
Lucas-triangular numbers.

Corollary 0.19. For n > 0, the following sum formulas hold.

(a) 3 Hp=3(2""—1).
k=0

(b) 3 Hyp =22"72 1.
k=0

() Y Hopp1 =2 (2242 —1).
k=0

From the Theorem 0.17, we have the following corollary for binomial transform of
oblong numbers.

Corollary 0.20. Forn > 0, the following sum formulas hold.
(a) kio Or=2""n(n+1).

(b) é}o Oar, = 2 (18 x 2202 + 22" 4+ 15 x 22" — 1) .

(c) kzijo Oars1 = 2 (36 x 227n% + 26 x 22" 4+ 66 x 22"'n + 1) .

From the Theorem 0.17, we have the following corollary for binomial transform of
pentegonal numbers.

Corollary 0.21. Forn > 0, the following sum formulas hold.
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n
(@) Y Pr=12(-5x2"n+3x2"m2+8x2"—8).
k=0
n
(b) 3 pop =22+ n2 4220 22y 1,
k=0

n
(C) Z ﬁ2k+1 — 22n+2n2 + 22n+1 + 22n+1n —1.
k=0

0.2. Sums of Terms with Negative Subscripts

The following proposition presents some formulas for the binomial transform of gen-
eralized Guglielmo numbers with negative subscripts.

Theorem 0.22. For n > 1, the following sum formulas are holds where A1, Ay and
Az stated in the Theorem 0.8.

(a) kzo b_p=A1 — Ay + Az — 2_n_2(4A1 —4A9 +4A3 — 2nAs + 3nAs + n2A3).
(b) > boop=31A1—5Ar+ 32 A5 — 5272771 (18A; — 2445 + 28 A3 — 18n Ay +39n Az +
k=0
18n2A3).
(€) > booky1 = 2A1—3As+ 32 A3 — 5-272"(18A; — 15 A5+ 1343 — 18n Ay + 21nAs +
k=0
18n2A3).

Proof. The proof can be done easily using (0.10) and Proposition 3.
From the Theorem 0.22, we have the following corollary for binomial transform of
triangular numbers.

Corollary 0.23. For n > 1, the following sum formulas hold.
(a) k;i1 T p=-2"3n(n+1).

(b) kfjl T op == —1552 2"(21ln — 4 x 22" + 18n? + 4).

(c) é_l Toopi1 = —25272"(3n + 2 x 22" + 18n? — 2).

From the Theorem 0.22, we have the following corollary for binomial transform of
Lucas-triangular numbers.

Corollary 0.24. For n > 1, the following sum formulas hold.
(a) 3> H p=3(1-2").
k=1
(b) > H_op=(1-—272").
k=1
(¢) 3 Hogpp1=2(1-277").
k=1

From the Theorem 0.22, we have the following corollary for binomial transform of
oblong numbers.

Corollary 0.25. For n > 1, the following sum formulas hold.
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n
(a) 0 =—-2"2n(n+1).
k=1
n
(b) Y- O_gp = —2;272"(2ln — 4 x 22" + 18n? + 4).
k=1
n
(c) k; O—okp1 = —2=272"(3n + 2 x 22" + 18n? — 2).

From the Theorem 0.22, we have the following corollary for binomial transform of
pentegonal numbers.

Corollary 0.26. For n > 1, the following sum formulas hold.
n
(a) Y px=-2""3(11n—16 x 2" + 3n? + 16).
kzl
(b) > poor=—-2"2"2(5n — 4 x 22" 4 2n? 4 4).
k=1
n
(¢) Y popr1=—2"2""138n -2 x 22" +2n% +2).
k=1
Matrices Related with Binomial Transform of Generalized

Guglielmo Numbers
Matrix formulation of W,, can be given as

n

Wiia r s t Wy
Wit = 1 00 wy . (0.14)
w, 010 Wo

For matrix formulation (0.14), see [0.2].
For the binomial transforms of generalized Guglielmo numbers, we define the square
matrix A of order 3 as:

such that det A = 8. From (0.9) we have

bn+2 6 - ].2 8 bn+1
b1 |=1 1 0 0 bn (0.15)
by, 0 1 O brn—1

and from (0.14) (or using (0.15) and induction) we have

n

byso 6 —12 8 by
b1 |= 1 0 0 by
bn 0 1 0 bo
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If we take b, = T}, in (0.15) we have

)

@M 6 —12 8 et
Toor =11 0 o0 T, (0.16)
T, 0 1 0 -

For n > 0, we define

Yo T —1235 Tk+8ZZéTk 8 T
By=| i Tk 122’,;5Tk+82 o T Szgng
>0 Th —1QEZ:§TI~:+SZZ T 8325 Th

and

bnt1 —12b,, + 8b,,—1 &by,
C, = bn, —12b,,—1 + 8by,—2 8b,_1
bp—1 —12bp,_92 + 8by—3 8bp_2

Theorem 0.27. For all integers m,n > 0, we have

(a) B, = A"
(b) C1A™ = A"Ch.
(¢) Chim = CpBy = BpCy.

Proof.
(a) For the proof we use the mathematical induction on n.

First, if we take n = 0, the identity, (a) holds. Then, we assume that the identity
(a) holds for n = u. Let’s prove that the identity, (a) holds for n = u + 1. Hence, we
write,

u

6 —12 8 6 —12 8
Avtl 1 0 0 1 0 0
0 1 0 0 1 0
6 —12 8
- 1 0 0 |B,
0 1 0
6 —12 8 St T —1230 Tk+sz};éTk 830,

— 1 0 0 Zk=1A 123" 2Tk—|—82k0Tk 8y u” ng
0 1.0 Yoo T =123 00T +83 0Tk 83 =0 Tk
POl éTk+1 —12% 7 OTk+1+8Zk oTk 8 i oTk:+1

= ST, 12y Tk+8§jgng 8 ko Tk
> ke oTk —1237,C éTk"‘SZ k=0 Lk 8ZZ_(1)T1€

“+2Tk —12 M T 483, Tk 8 LT,
= Zu+1 Tk 122k: Tk—I—SZZ:é Tk 8Zk: Tk
SicoTe =124 Te+ 83420 Th 8349 Th
- Bu+1.
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Consequently, the proof is finished by using mathematical induction on n. U

(b) Using matrix multiplication, (b) follows. [J
(c) The following identity is true.

6 —12 8 b, —4by—1+2b,_o 2b,_1
AC,.1 = 1 0 0 bp—1 —4bp_o +2b,_3 2b,_o
0 1 0 bn_o —4bn,_3+2b,_4 2b,_3
brnt1 —4b,, + 2b,,_1 20y,
= bn _4bn—1 + 2bn—2 2bn—1 = Cn

bn—l _4bn—2+2bn—3 2bn—2

ie. Cp = AC,,_1. If we use the induction on n and the last equation, we get
C, = A"~1C1. So that, the following identity is true.

Crpym = AT 10 = A1 A™C = A" 101 A™ = C,B,,

and the proof of Cj4,, = B,,,C), can be done similarly. O

Theorem 0.28. Let n, m be non negative integers, then the following identities are
true.

m+1 m m—1 m
bosm = bn Y Te+baoa (—122% +8) Tk> +8by2 Y Tp (0.17)
k=0 k=0 k=0 k=0
m+1 N mo m—1 R
= b > Tp+ (—12bp1+8bp—2) Y T +8bp1 Y _ Tp (0.18)
k=0 k=0

Proof. From the equation Theorem 0.27, (c), we see that an element of Ciy, is
the product of row C,, and a column B,,. So, it can be easily seen that an element of
Cr4m is the product of a row C), and column B,,. Let (Cy4m)i,; denote the entry in
the i-th row j-th column of Cy 4., and (Cp,By,);,; denote the entry in the i-th row j-th
column of the product C), B,,. Then, using Theorem 0.27, (c) the following identities
are true

(Cn+m)2,1 = (Can)2,17

This completes the proof. [
From the last Theorem, we get the following corollary.

Corollary 0.29. For m,n > 0, we have

(@) Totm = To 27 T+ Tt (—12 5700 T + 8 X050 T ) + Tz X T
() oo = Ho SS73 T+ B (<12 570 T+ 8 7050 k) + oo X700 T
(€) Onim = On ST T+ Oy (-12 S T+ 8 fk) +O0ns S T
(d) Potm = Dn 5o T + s (—12 o Te +8 0y fk) + P2 o Tk
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Now, we consider non-positive subscript cases. For n > 0, we define

“Xig T 2 T -85 o T —8Y T
By = - ZZ;O I—k 12 ZZ:(% Z—k — 8 ZZI% Z—k) -8 ZZ:(% T\—k
- EZ:O T p 12 ZZiO T —38 Zzio T—k) -8 ZZIO Ty,
and

b_nt1 —12b_,, + 8b_,,—1 8b_,,
c_, = b_, —12b_, 1 +8b_p,_0 8b_,_1
bfnfl _12b7n72 + 8b7n73 8b7n72

By convention, we assume that

-1 -2

Zjﬂlk =0, and Zj’\,k =1

k=0 k=0
Theorem 0.30. For all integers m,n > 0, we have

(a) B., =A™
(b) C_1A ™" = A""C_4.
(¢c) Copopy =C_p,B_p, = B_,,,C_,.

Proof.

(a) Using mathematical induction on n,the proof can be done easily .
(b) Using matrix multiplication, (b) follows.
(c) The following identity is true.

6 —12 8 bon  —12b_p 1 +8b_n_o Sb_n_
AC_, 1 = 1 0 O b_pn—1 —12b_,,_2+8b_p_3 8b_,_2
0 1 0 bono —12b_p 5+ 8b_na Sb_p_s
b_n+t1 —12b_,, +8b_5,_1 8b_,,
= b_n —12b_,,_ 1+ 8b_p_o 8b_n_1 =C_,,

b—n—l _12b—n—2+8b—n—3 8b—n—2

ie. C_, = AC_,,_1. From the last equation, using induction, we obtain C_,, =
A_n+10_1. Now,

Copm=A"T"""HO = AHA™C_ | = AT C_1A™=C_,B_,,

and the proof of C_,,_,, = B_,,,C_,, can be done similarly.[]
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Theorem 0.31. For m,n > 0, we have

m+1

m—1 m
bopm = by Y Tg—bony ( 122T p+ 8 Z T ) —8b 1Y Ty
k=0 k=0

m— R m—1 m R
= b Y T gp—(—120_p 1 +8b p o Z k= 8bp1 Y Tog
k=0 k=0

Proof. From the Theorem 0.30, (c), we see that an element of C_,,_,, is the product
of row C_,, and a column B_,,. So, it can be easily seen that an element of C'_,,_,,
is the product of a row C_,, and column B_,,. Let (C_,,_;,);; denote the entry in
the i-th row j-th column of C_,,_,, and (C_,,B_p,);; denote the entry in the i-th row
j-th column of the product C_,, B_,,. Then, using Theorem 0.27, (c) the following
identities are true

(C—n—m)Q,l - (C—nB—m)Q,l

This completes the proof. [J

Corollary 0.32. For m,n > 0, we have

@) Tonm = ~Ta ST = T (F1257050 Ton #8500 Tk) -
8T o S0 Ty

() Aoy = —H_ P27, - H_n_l( 125 T+ 8 T k)
8H o X1 Ty

() Ocnm = O XfF T = O (F12505 T+ 857, Ty) —
80 2 X1 T g

() Bonm = Da X Tox = Bt (F125050 Tor 80, Tk) -

8P—n—2d g T
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